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Abstract:
This work examines the small-scale E and B patterns of the Cosmic Microwave Back-
ground Radiation (CMBR) polarization anisotropy. Particularly, we address the topologi-
cal natures and spatial symmetries of the E and B modes, and how one may make use of
the local measurements of Stokes parameters to separate these two modes. We point out
that the separation of these two modes in a local map of Stokes parameters is in fact an
ill-posed problem due to the unknown boundary conditions of these modes at the edges of
the map. A valid strategy for local separation of them can be through the construction
of a [(charge)+i (current)]2 map of polarization, where i =
p−1. In the standard CMBR
paradigm, only E modes are detectable and the real part of such a map has patterns which
contain point caustics at locations of null polarization, and the imaginary part vanishes.
However, if detectable B modes should exist, the imaginary part of this map will also
contain patterns with point caustics. The spatial distribution of these point caustics ought
to reflect the statistical properties of the polarization eld.
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(I) Introduction:
Despite a handful of past works in the literature that have been devoted to the
detailed analyses for the power spectra of CMBR polarization for the E and B modes
(Kamionkowski, Kosowsky & Stebbins. 1997; Zaldarriaga & Seljek 1997; Hu & White
1997a & b), few of them gave a clear description of what these unfamiliar E and B
polarization patterns are. These works followed the standard paradigm that the initial
fluctuations are Gaussian with no feature, and hence the polarization power spectra were
the sole relevant quantities of investigations. Hu and White (1997b) gave, by far, the most
intuitive picture of what these two types of polarization patterns in pure forms look like,
but their work on this topic is not suciently quantitative.
In the coming dedicated experiments for CMBR polarization (Staggs et al. 1999;
Lo, et al. 2000), deep maps of nite patches of local sky are to be constructed, but a
direct means for measuring these two modes in real space from the local maps has still
been lacking. Especially, if non-Gaussian features are to exist (Seljek, Pen & Spergel
1997), they may manifestly reveal themselves in the real space instead of in the Fourier
space. It is in this context that the CMBR polarization in the real space is re-addressed
in this report. To begin, I shall briefly review the CMBR polarization, followed by a more
rigorous description of the E and B modes in the real space. After that, a direct means
for disentangling these two modes is then given.
Anisotropy of the CMBR is linearly polarized (Rees 1968; Bond & Efstathiou 1984;
Polnarev 1985). The linear polarization can be produced by the Thomson scattering of
local quadrupole moment of temperature anisotropy o the uniform background electrons
at the last scattering surface, where the optical depth is less than unity. Though the
circular polarization in the CMBR may possibly exist, it can only be produced by exotic
mechanisms, such as scattering of temperature anisotropy by a background of a dark
matter candidate, the pseudo-scalar axions (Ng & Liu 1999). However, the degree of
circular polarization produced by the axion scattering turns out to be negligibly small in
comparison with the expected several-percent level of linear polarization of the temperature




Unlike the brightness, which is a scalar, the linear polarization cannot distribute itself
uniformly on the celestial sphere, due to the curvature of a sphere. In other words, one can
never arrange line segments to be uniformly embedded on a spherical surface. For exactly
the same reason, one can never nd a uniform coordinate laid out by two families of non-
parallel lines on a spherical surface. Therefore the linear polarization must be angular
dependent and must be a eld with angular patterns on the sky.
The electric eld "vector" of polarization is really not a vector, since the measured
electric eld can be in either direction of the polarization "vector". With an 180-degree
rotation of the "vector", the polarization can recover itself but a vector can not, and hence
the polarization is a spin-2 object whereas the vector a spin-1 object. Nevertheless, similar
to a two-dimensional vector, the polarization is also described by two parameters | the
magnitude and orientation. To distinguish a vector V from a polarization P mathemat-
ically, the former is usually expressed as a two-component array, or V = Vxx^ + Vy y^, but
the latter is instead expressed as a 2  2 matrix, or P = Pxσ1 + Pyσ2, where σ1 and σ2
are respectively the z and x components of the Pauli matrices. (Assume the line of sight
to be along the z direction.) The components Px and Py are the Stokes parameters, Q
and U , respectively, and the ratio U/Q is related to the direction of polarization. The
angle between the polarized electric eld and the x axis is θ = (1/2) tan−1(U/Q), which is
bi-directional or has an 180-degree directional ambiguity, and (Q2 + U2)1/4 is the magni-
tude of the polarized electric eld. In the discussions below, we will describe the polarized
electric eld dened above by a vector eld p, apart from its 180-degree bi-directional
nature.
As the polarization eld P(z, x) must have spatial patterns on the sky, much like
the more familiar vector eld, one hopes to decompose the polarization eld into two
coordinate-independent components of dierent topologies. For the small-scale angular
pattern, one may adopt the sky-flat approximation. The two topologically distinct com-
ponents of a two-dimensional vector eld are the curl-free rφ(x, y) and divergence-free
r (ψ(x, y)z^) vector elds. However, the decomposition for the polarization eld is not
so obvious, and it needs to be guided by some principles of spatial symmetry. We shall
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rst examine the familiar vector eld in an attempt to extracting some guiding princi-
ples. Consider rst the parity symmetry. The spatial inversion (x, y) ! (−x,−y) yields
rφ! −rφ and r (ψz^) ! −r (ψz^), and hence such an operation can not distinguish
the two components. In fact, the visual distinction of a diverging pattern from a swirling
pattern arises from partial spatial inversion, x! −x or y ! −y. The x and y components
of a curl-free vector transform in accordance with the coordinate change, but those of a
divergence-free vector eld transform oppositely.
However, the spatial variations of φ and ψ are generally not symmetric about any
point, and the above operations can not be used in reality to separate the curl-free and
divergence-free components. Nevertheless, one may remove the spurious contributions and
clean up the original vector eld to a pure form, so that such a separation is possible in
practice. Subtract a locally spurious vector Vi(0) + (a1σ1 + a3σ3)ijrj from Vi(r) in the
immediate neighborhood of the center r = 0 to construct a new local map of vector-eld,
which vanishes at the center. Here, aside from the constant vector V(0), the other spurious
vector is the potential vector eld V1 contributed by remote sources, i.e., r  V1 =
rV1 = 0. These equalities x a1 and a3. The new vector pattern near the map center
now becomes Vi(r) = [∂jVi(0) − (a1σ1 + a3σ3)ij ]rj, which is composed of a manifestly
diverging pattern r V(0)r/3 and a manifestly swirling pattern rV(0)  z^z^  r/3.
Now, if we invert only x without changing y, the diverging pattern of V has its x
component changing sign but the y component remains intact. With the same operation,
the swirling pattern has the y component changing sign but the x component intact.
Similarly, one may invert y without changing x to obtain the corresponding results. The
partial spatial inversion is an axis-independent operation, valid when one inverts the vector
pattern with respect to any axis cutting across the map center, and is thus an operation
capable of dierentiating the topologically distinct objects in a general vector eld. It turns
out that this partial spatial inversion can in principle also be adopted for dierentiating
the two topologically distinct components of a spin-2 tensor eld.
As usual, we may let the measured electric eld be
hEi(x)Ej(x)i = I0(x)δij +Q(x)σ1 + U(x)σ2, (1)
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where I0 describes the anisotropy intensity. However, to make a contact with the vector
eld, we may also express the measured electric eld equally well as
hEi(x)Ej(x)i = I 00(x)δij + 2pi(x)pj(x) (2)
where p(x) is a two-dimensional vector eld coinciding with the polarization "vector".
Similar to Eq.(1), hEiEji in Eq.(2) is also characterized by three independent parameters
for a general 22 symmetric real tensor, where the unpolarized intensity I 00 = I0−(p2x+p2y),
Q = p2x − p2y and U = 2pxpy. As was discussed earlier, the vector eld can be decomposed
into
p = rφ(x, y) +r (ψ(x, y)z^). (3)
A straightforward algebra shows that
Q = [(∂xφ)2 − (∂yφ)2 + (∂yψ)2 − (∂xψ)2] + 2[∂xφ∂yψ + ∂yφ∂xψ]  Q1 +Q2, (4)
and
U = 2[∂yφ∂yψ − ∂xφ∂xψ] + 2[∂xφ∂yφ− ∂xψ∂yψ]  U1 + U2. (5)
The partial spatial inversion reveals that the rst squared brackets of both Q and U in
Eqs.(4) and (5), i.e., Q1 and U1, do not change sign but the second squared brackets, i.e.,
Q2 and U2, do change sign. Apparently these terms possess either the same or opposite
symmetry. As there are only two independent elds φ and ψ, one thus hopes to group terms
of appropriate symmetries together to form two topologically distinct components for the
spin-2 tensor eld. This can be achieved by the following operations. Since all variables
are two dimensional, we may conveniently adopt the complex-coordinate representation,
where (x, y) is replaced by (z, z), where z  x + iy and z  x − iy. The polarization
tensor P can be cast into
Q+ iU = [
∂
∂z
(φ− iψ)]2 = [( ∂φ
∂z
)2 − ( ∂ψ
∂z





 [Q1 + iU2] + [(Q2 + iU1)], (6)
and the polarization vector becomes
p =  ∂
∂z
(φ− iψ) = (Q+ iU)1/2, (7)
5
which is indeed bi-directional.
Now, consider the partial space inversion (y ! −y) by changing z to z for Q + iU .
Equation (6) immediately gives Q1 + iU2 ! (Q1 + iU2) but Q2 + iU1 ! −(Q2 + iU1).
Remember that φ and ψ are both real elds, and that a change Q + iU ! (Q + iU)
is similar to the change of a curl-free vector Vx + iVy ! (Vx + iVy), or the coordinate
change z ! z. Similarly one may consider the change z ! −z, or x! −x, to nd that
Q1 + iU2 ! −[−(Q1 + iU2)] and Q2 + iU1 ! −(Q2 + iU1). Apparently, the two brackets
in Eq.(6) have the opposite symmetries and each has a well-dened spatial symmetry. We
may thus separate Q + iU into two topologically distinct components: the rst bracket,
called the E mode, and the second bracket, called the B mode, as the E mode transforms
similar to a curl-free vector and the B mode a divergence-free vector. We note that the
B mode contains multiplicative mixing between φ and ψ. Also note that the diverging
pattern and swirling pattern are not the appropriate features for dierentiating the E and
B modes in spin-2 objects; it is instead the mixing of the diverging and swirl patterns that
renders the distinction.
Similar to the case of vector eld, the fact that φ and ψ are generally not symmetric
with respect to any point makes this partial space inversion practically not useful, unless
one can remove the spurious, source-free elds from the polarization map. Below, we take
a dierent strategy by focusing on the sources, instead of the tensor elds themselves. This
automatically avoids the spurious source-free elds.
(III) Separation of E and B Modes:
To project out the E and B modes from the measured U and Q, we may consider
∂/∂z to act on the polarization vector p given in Eq.(7). It yields
 ∂
∂z
(Q+ iU)1/2 = (r2φ+ ir2ψ)  (κφ + iκψ), (8)
a complex eld, and the real part singles out the source of the diverging pattern and
the imaginary part that of the swirling pattern. One can in principle solve the Poisson
equations for φ and ψ separately and construct the E and B modes. However, the local
projection of E and B modes becomes impossible when the Q+ iU image does not cover
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the whole sky, since the projection depends on the boundary condition of each mode at
the image edges. It is not known a priori how the two modes are mixed at the boundaries,
and therefore the projection of Q + iU into the desired two modes becomes an ill-posed
problem. (This statement is equivalent to that the spurious source-free eld mentioned
in the last section can not be reconstructed.) On the other hand, if the whole-sky map
is available, one may uniquely project out the E and B modes from Q + iU , due to the
periodic boundary condition on a sphere, when the appropriate expansion bases are used.
The natural bases for a scalar eld on a sphere are the spherical harmonics Y lm, but the
natural bases for a spin-s eld, e.g., Q + iU , are the spin-s harmonics Y lm,s, where l  s
(Zaldarriaga & Seljek 1997; Goldberg 1967; Goldberg et al. 1967). To echo what we
stated previously that the CMBR polarization must possess angular patterns, the spin-2
harmonics Y lm,2 demands that the polar angular wavenumber l be greater than, or equal
to, 2, i.e., the quadrupole anisotropy and beyond.
Returning to the local polarization map, we may take a step back and seek the local
separation of E and B modes in terms of their own sources, i.e., κφ and κψ, without solving
the Possion equations. Since it involves rst derivatives of the Q+ iU image to construct
κφ and κψ, a local image of four pixels is adequate. To this aim, we may square Eq.(8) to
obtain a local image of
K  (κφ + iκψ)2 = [κ2φ − κ2ψ] + 2i[κφκψ]. (9)
The degree to which κφ and κψ co-exist can be a measure of the B mode, and this is
provided by the imaginary part of K. The real part of K instead characterizes the strength
of E mode.







p = −i ∂ψ
∂z
= r (ψz^), (100)
without the co-existence of φ and ψ at any given location, though the two patterns can
switch from one to the other at dierent locations separated by a boundary of null po-
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larization. On the other hand, when the linear polarization is a pure B mode, it must
satisfy
p = (1 i) ∂
∂z
φ = rφr (φz^), (11)
i.e., with equal weights of diverging and swirling patterns. A comparison of Eqs.(10),
(10’) and (11) immediately yields the conversion between pure E and B modes, by simply
rotating the polarization vectors by 45 degrees.
Perhaps the most direct schemes to capture the topological features of pure E and B
modes are those constructed from Q+iU . Consider the operator (rp z^ rp)−1(∂/∂z)
acting on Q+ iU . Equation (6) together with Eq.(10) or (10’) yield
(r  p z^  r  p)−1 ∂
∂z
(Q+ iU) = 2rφ, (12)
for a diverging p of a pure E mode, or alternatively it can also be 2rψ for a swirling p
of a pure E mode. In any case, this operation directly maps out a pure E mode with a
diverging pattern from the measured Stokes parameters Q and U .
On the other hand for a pure B mode, Equation (6) together with Eq.(11) give
(r  p z^  r  p)−1 ∂
∂z
(Q+ iU) = 2r (φz^), (13)
where the corresponding  sign in Eq.(10) has been deliberally taken into consideration.
Note that in constructing the factor r  p  z^  r  p, one of the  sign can render this
factor to be zero for a pure B mode, making the left-hand side of Eq.(13) diverge. When
so, one needs to choose the other sign to make this factor nite, thus obtaining Eq.(13).
With a correct sign, this operation indeed maps out a swirling pattern for a pure B mode
from the measured Q and U .
The pure modes also have interesting imprints on K of Eq.(9). The pure E mode case
is particularly relevant, since the standard CMBR paradigm predicts that E modes should
much dominate the B modes (Kamionkowsky, Kosowsky & Stebbins 1997; Zaldarriaga
& Seljek 1997; Hu & White 1997a). For pure E modes, the real part of K oscillates
from a region of diverging polarization to another region of swirling polarization, and
the imaginary part stays zero. However, the pattern of Re[K] has caustics at the null
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polarization boundaries. The primary reason is that it is the spin-2 eld Q(r) + iU(r)
of a pure E mode that is directly generated by the quadrupole moment of temperature
anisotropy. For example, a sin(kxx) pattern of temperature fluctuation can generate the
same pattern of Q(r) and a vanishing U(r), when the line of sight is perpendicular to x^.
Therefore, p / (sin(kxx))1/2, which has singular null boundaries separating the diverging
pattern from the swirling pattern at kxx = npi. Thus, there exist weak charge and current
sheets at the null boundaries, thereby yielding singular Re[K] caustics. The caustics are
highly non-Gaussian, which couple Fourier modes of dierent wave-vectors with denite
phase relations. This suggests that the Fourier decomposition should not be a desirable way
for analyzing the Re[K] map. Though the temperature anisotropy consists of a number of
independent random Fourier components, null polarization can occur at a relatively small
measure in the map. This is because it requires both Q(x) and U(x) vanish at the same
time, which is possible only at isolated points. The standard CMBR paradigm predicts
that the short-wavelength polarization pattern has rapidly declining power beyond l 
few103, where l is the polar angular wavenumber of spherical harmonics. Thus, an image
of one-arcminute resolution should suce to construct a reasonable K map that captures
these point caustics.
On the other hand, for a pure B mode, only Im[K] in Eq.(9) survives. According
to the standard CMBR paradigm, the B modes in CMBR polarization anisotropy are
generated by the temperature anisotropy modulated by primordial gravitational waves
or rotational motion (Kamionkowsky, Kosowsky & Stebbins 1997; Zaldarriaga & Seljek;
Hu & White 1997a,b). But a B mode is, unfortunately, always accompanied by an E
mode of comparable strength and hence can not exist in its pure form. The analysis for a
mixed mode is much more involved than the pure E mode and depending on the project
eect; we shall not address the mixed mode in details here. Nevertheless, much like the
pure E mode, the standard CMBR paradigm demands the spin-2 eld Q+ iU of a mixed
mode to be also directly generated by the modulated temperature anisotropy, and thus
the polarization "vector" p of the mixed mode is also non-analytical. Such mixed modes
also contain isolated point caustics in both Re[K] and Im[K].
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(IV) Conclusions:
In sum, this work addresses how a 2  2 linear-polarization tensor eld can locally
be separated into two topologically distinct components, the E mode and B mode. When
both E and B modes co-exist, the convenient way to separate them locally is through the
construction of their sources κφ + iκψ and forms an image of K  (κφ + iκψ)2, where the
real part and imaginary part explicitly characterize the E and B modes respectively. In
particular, the K image can contain point caustics at the locations where the polarization
is null. A map with angular resolution on the order of one arcminute ought to be able
to capture the point caustics. Since the caustics occur when both Q and U vanish at the
same time, i.e., the intersections of Q = 0 and U = 0 contours, the spatial distribution of
these point caustics should carry the statistical properties of both random elds, Q and
U . The last subject is an interesting and one and has not been explored in the past. We
will report the investigations on this issue elsewhere.
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